Abstract-A true cylindrical series expansion of the Yukawa-or screened Coulomb-potential kernel is developed for a finite circular cylindrical source through the application of a toroidal harmonic expansion. The Yukawa kernel is separated into a singular and nonsingular part. The singular part is expanded in terms of the associated toroidal harmonics and the nonsingular part is expanded in terms of an elementary binomial expansion.
INTRODUCTION
The Yukawa or screened Coulomb potential has applications in fields such as plasma physics [1] [2] [3] , molecular and biophysics [4] [5] [6] , nanoscience [7] and many others. The Yukawa potential also plays a significant role in the study of classical and quantum gravity [8] [9] [10] [11] [12] . An exact series expansion is developed which employs the associated toroidal harmonics of the second kind and are applicable for a finite circular cylindrical source with a rectangular cross section.
A problem that one encounters when working with the Yukawa potential, in circular cylindrical coordinates, is trying to find an expansion of K(r, r ) = e −λ|r−r | |r−r | valid for all regions of space. However, the application of toroidal functions of the second kind offers a solution to this problem. In fact, the toroidal functions of the second kind also have some definite numerical advantages [13] . The associated toroidal harmonics of the second kind are represented in the literature by
Another very important feature of these functions is that they are used to represent the inverse distance function in circular cylindrical coordinates and all its higher order derivatives using one family of functions, namely-Q l m− 1 2 (ξ). These functions are sometimes called ring functions [14] or Legendre functions of the second kind and of half-integral degree and of order l [15] .
THE YUKAWA-POTENTIAL KERNEL OF A CIRCULAR CYLINDRICAL SOURCE
The Yukawa or screened Coulomb potential, due to a general circular cylindrical source, at some arbitrary field or observation point P (ρ, φ, z) shown in Figure 1 below is given by
where ζ v is the forcing function(not necessarily a constant), r is the position vector of the observation point, r is the position vector of differential volume associated with source point and the kernel function is given by
For an electrostatic source, ζ v represents a volume charge density. For a gravitational source, ζ v characterizes the relative strength of the non-Newtonian interaction compared to that of the Newtonian one. For applications in non-Newtonian gravity, ζ v is generally a constant but it need not be. If Eq. (1) represents the screened Coulomb potential then λ represents the Debye screening factor. In non-Newtonian gravity, λ −1 represents a length scale and this provides a means for knowing when the Yukawa potential becomes relevant.
The reciprocal distance, in circular cylindrical coordinates, between the source point, P (ρ , φ , z ), and an arbitrary observation point, P (ρ, φ, z), is given by Figure 1 illustrates a simple model of a hollow circular cylindrical source with a finite thickness of δ. This hollow cylinder is a general source since it leads to all the limiting cases one may encounter. This may be a solid finite circular cylinder, a thin flat disk, a thin ring, a thin hollow tube, a very thin and hollow finite circular cylinder or infinite cylinders. The main purpose is to find a general expansion for the Yukawa-potential kernel, in terms of cylindrical coordinates, which can be employed to handle any case that one may encounter when dealing with circular cylindrical geometry.
The Yukawa kernel given by Eq. (2) can be written as
where R = |r − r |. The first sum in Eq. (4) has a singularity at R = 0 but the second sum does not. One can employ the not-so-well-known associated toroidal harmonic expansion found in Snow [16, 17] and MacRobert [14] (appendix) to write the R 2l−1 in first sum of Eq. (4) as follows:
Where
(ξ) are called the associated Legendre functions of the second kind and half-integral degree and of order l [15] or the associated toroidal functions of the second kind and of order l [18] .
> 1. Equation (5) is valid for any integer l. The Neumann factor ε m [19, 20] is 1 for m = 0 and 2 otherwise. The R 2l given in the second sum of Eq. (4) can easily be represented using a binomial expansion and is expressed as
Employing Eqs. (5) and (6) allows one to write Eq. (4) as
where
! have been employed. Equation (7) represents an exact expansion, in terms of the associated toroidal harmonics, valid for an arbitrary point in space not coincident with the source. If one considers using the same terminology found in antenna theory, then taking the "static limit" (λ → 0) in Eq. (7) yields:
The right hand side of Eq. (8) is the zeroth order toroidal harmonic expansion for the inverse distance function in circular cylindrical coordinates [21] [22] [23] [24] [25] [26] [27] and can be derived directly from the free-space Green's function in circular cylindrical coordinates [28] [29] [30] .
Figures 2 and 3 are plots which illustrate a comparison between Eqs. (2) and (7). In Figure 2 , ρ = a = 1.0 m, φ = φ = 0, and z = 0. Also, an observation radius of 1.25 m was chosen for the plot as well as a screening factor of λ = 0.5 m −1 . The axial variation ranges from −5 ≤ z ≤ 5. In Figure 3 , the same source radius, observation radius and observation angle were chosen, but the source angle is now φ = π 4 . Also in Figure 3 , the axial source variable is now z = 0.5 m and the screening factor is λ = 1.5 m −1 . Figures 4 and 5 illustrate the normalized difference between the exact kernel and its equivalent series solution for Figures 2 and 3 respectively. The authors defined the normalized difference in the captions of Figures 4 and 5. All plots were created with Maple [31] .
Both the plot of the exact kernel given by Eq. (2) and its series representation given by Eq. (7) yield equivalent results. The authors chose m = 20 and l = 20 for both plots. These values of m and l were chosen by a simple trial-and-error process. As m, l → large, N d → 0. For a more detailed numerical study on the toroidal functions of zeroth order, one should refer to Cohl and Tohline [13] . Research on the numerical properties of the associated toroidal functions is ongoing. However, a very useful report written by Segura and Temme [32] highlights many interesting numerical features of the toroidal functions and gives a number of new methods for computing them.
DISCUSSION AND CONCLUSION
A new exact series expansion is given for the Yukawa-potential kernel. This expansion is an associated toroidal harmonic expansion and is valid at an arbitrary point in space. The toroidal harmonics of the zeroth order, Q 0 m− 1 2 (ξ), have received some recent interest [13, [21] [22] [23] [24] [25] [26] [27] where a number of applications in electrostatics, electromagnetics and gravitation are discussed. The zeroth order toroidal harmonic expansion is used to represent the equivalent series expansion of the inverse distance function, |r − r | −1 , in circular cylindrical coordinates. However, the associated toroidal harmonics increase the scope of applicability by handling the inverse distance function and all its higher order derivatives using one family of functions, namely-Q l m− 
The integral in (A.3) is known [33] and, using our notation, it is given by
One can now make use of the known expression for toroidal function of the second kind [33] give by
Employing Eqs. (A.3), (A.4) , and (A.5) yields the following: (ξ) [33] in Eq. (A.6) yields: 
